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In a recent letter,1 Jack and Garrahan have studied
the thermodynamic phase transition associated with an
overlap order parameter in spin models of glasses (PSMs)
formed by plaquettes of p spins. The glassy features of
such models are known to be be well described in terms
of rare defects and kinetic constraints. Yet, the authors
give strong evidence that the 3-dimensional square pyra-
mid model (SPyM) displays a transition line in the tem-
perature (T )-external field () plane which connects a
zero-temperature critical point at Tc(0) = 0 to a finite-
temperature one at Tc(c) > 0. This result, which com-
plements an earlier study by the same authors2 on the
“annealed” calculation for two coupled replicas in d = 2
(triangular plaquette model or TPM) and in d = 3
(SPyM), shows that the PSMs behave similarly to what
expected from the random first-order transition (RFOT)
theory, based on the mean-field (MF) theory of the glass
transition, with the notable exception that the Kauz-
mann temperature TK = Tc(0) is equal to zero.
Here we show that the properly implemented MF ap-
proach for PSMs turns out to be surprisingly predic-
tive for the finite-dimensional behavior. As displayed
in Fig. 1, the MF phase diagram of the SPyM on a
Bethe lattice with the same connectivity, c = p = 5, as
in d = 3 is remarkably close to its d = 3 counterpart in
the annealed and the quenched settings.1,2 (It is obtained
through standard techniques based on recursion relations
and the cavity method.4–7) Both the singular behavior of
Tc() and the result TK = Tc(0) = 0 are well captured.
8
Only, as expected, the MF line terminates at higher Tc
and c. At odds with naive anticipations, the fact that
TK = 0 is not the result of long-distance fluctuations but
comes from the mere local-connectivity constraint c = p:
indeed, for c > p, MF predicts TK > 0.
5,6 Note that very
poor results (in particular TK > 0) would have instead
been obtained by using a MF approach based on com-
pletely connected lattices. As discussed in Ref. [3], the
RFOT found in infinite d is very fragile to short-ranged
fluctuations associated with local properties, such as the
connectivity of the underlying lattice for spin models. It
is therefore crucial to focus on a MF description, such as
the Bethe approximation, that takes them into account.3
All in all, and contrary to expectations, the MF de-
scription appears robust with respect to fluctuations as
far as overlap properties go.9 Finite-d fluctuations enforce
convexity of the potential V (q) (the free-energy cost for
maintaining an overlap q with a reference configuration,10
sketched in Fig. 1) and prevent true metastability.
Nonetheless, the physics of the unbiased system in  = 0
is well described by MF up to a scale, the point-to-set
length ξPTS , that diverges as T → 0;11 V (q) remains
singular in d = 3 (with a linear segment) and a config-
urational entropy sc can then be univocally defined at
low enough T , even in finite d (see Fig. 1). Although
one expects sc ∼ e−1/T as T → TK = 0 in both MF and
d = 3,1 other critical exponents are likely to be different,
as, e.g., that characterizing the relation between ξPTS
and sc. Given the robustness of the thermodynamic MF
predictions, understanding the implications for the dy-
namics and the connection to the defect picture is a key
question.12 Further studies of the PSMs could be instru-
mental in clarifying it.
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FIG. 1: Phase diagram of the SPyM in both the annealed and
the quenched descriptions for the Bethe lattice with c = 5
(dashed lines) and for d = 3 (full lines1,2). Inset: Sketch of
the potential V (q) in MF (left) and for d = 3 (right).
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